We investigate (non-relativistic) atomic systems interacting with quantum electromagnetic field (QEF). The resulting model describes spontaneous emission of light from a two-level atom surrounded by various initial states of the QEF. We assume, that the quantum field interacts with the atom via the standard, minimalcoupling Hamiltonian, with the A 2 term neglected. We also assume, that there will appear at most single excitations (photons). By conducting the analysis on a general level we allow for an arbitrary initial state of the QEF (which can be for instance: the vacuum, the ground state in a cavity, or the squeezed state). We derive a Volterra-type equation which governs the time evolution of the amplitude of the excited state. The two-point function of the initial state of the QEF, integrated with a combination of atomic wavefunctions, forms the kernel of this equation.
on the vacuum, is physically distinguished. However, in the case of more generic spacetimes (possibly with boundaries) the privileged role of vacuum state disappears. One is then lead to a picture of many permissible representations, each based on a different "basis state" Ω. In some cases there are states of the QEF, which cannot be expressed as density-operator states in a given Fock space (the representations are globally inequivalent).
On the other hand, experimental advances in the area of quantum optics have produced a variety of states of light, which exhibit non-classical features. The so-called squeezed states or the ground states of the QEF in small cavities provide environments, which are much different form the usual Minkowskispacetime vacuum. In particular, the experiments with atoms surrounded by squeezed states, [7] , revealed a modification of their spectroscopic characteristics.
One of the simplest ways to test the properties of various states of QEF is to let the quantum field interact with a quantum system of relatively simple structure. For instance, we can consider a two-level atom, assume a simple minimal-coupling interaction, and investigate the time-evolution of various initial states of the full system. Such an approach is also experimentally viable, as this evolution is nowadays fully accessible to measurements, [9] . In order to illustrate the potential of such an approach we remark, that a perturbative calculation shows, that a spin surrounded by a KMS (thermal) state of radiation thermalizes to the temperature of the KMS state. This observation lead Bell and Leinaas [2] to a suggestion, that a spin of a linearly-accelerated electron might serve as a detector of the Unruh temperature 1 . It is one of the aims of this paper to pursue further this type of models, in which test atomic systems are employed as detectors of properties of various states of the QEF.
The paper contains a field-theoretical model of an interaction of a two-level atom with the QEF. We assume the atom to be initially in an excited state, and let it interact with the QEF -the dynamics of such a system is usually referred to as the spontaneous emission of radiation. It has been investigated in the past by many authors with various emphasis on mathematical rigor, on the one hand, and on physical concreteness on the other. We shall briefly summarize these attempts here, in order to put our model into a context.
The simplest way to estimate the dynamics of the full system is to use the time-dependent perturbation theory w.r.t. the interaction of the QEF and the atom (eq. (1)). However, as our ambition is also to understand the long-term behavior, we regard the perturbation theory as insufficient. Another method, due to Weisskopf and Wigner 2 , establishes an ordinary integro-differential equation for the time-dependence 1 The usual vacuum state, when observed by an accelerated observer, appears to be a thermal state, with an accelerationdependent temperature. 2 See for instance the textbook of Scully and Zubairy [8] .
of the amplitude of the excited state. The model we shall present here generalizes the Weisskopf-Wigner model with respect to the allowed initial states of the quantum radiation field.
With an alternative approach, Bach and collaborators [1] have investigated systems of non-relativistic particles coupled to the QEF from the functional-analytic point of view. Without any assumption on the number of atomic energy levels, they worked with the full minimal coupling Hamiltonian (together with the quadratic term, and an ultraviolet cutoff), and have been able to prove the existence of a ground state of the coupled system. Moreover, an estimate has been derived for the life-times of the states of the atom, which were stationary when the interaction was absent.
A common feature of all these developments is, that the choice of the initial state of the QEF is made at a very early stage of investigations. Consequently, given the final equation for the excited state's amplitude, it is difficult to discern which features of this equation are related to the initial state of the QEF, and which are influenced by the atomic wavefunctions 3 .
In this paper we attempt to generalize the Weisskopf-Wigner model; in particular we proceed in a general way, so that the initial state of the QEF can be left unspecified to the very end. By doing so, we prove that the spontaneous emission process is governed by a Volterra integro-differential equation (eq. 
Formulation of the model

General setting
A natural Hilbert space for a system of an atom (non-relativistic) coupled to the quantum radiation field is
where F denotes the physical (transversal) Fock space of the radiation field. This space will be later restricted to a subspace, consisting of a two-dimensional Hilbert space of atomic states, tensor-multiplied with the vacuum-and one-excitation-subspace of F . The single excitations (over the base state Ω) of the quantum radiation field, denoted by the symbol |f , will be described by
where A i (0, x) is the (unsmeared) vector-potential operator at t = 0. The complex-valued test function f i (x) will carry the information about the "wave packet" of the excitation 4 .
The interaction between the atom and the QEF will be generated by
where 5 p i = −i∂ i , α is the fine-structure constant, and A i (t, x) denotes the vector-potential operator, in the radiation gauge, with the free time-evolution already implemented 6 . This is a standard interaction Hamiltonian, with the A 2 term neglected.
Dynamics of the restricted system
In this section we will consider the evolution of the above system in the situation, where the radiation field is initially in the state Ω, about which we only assume that the expectation value of an odd number of field operators in this state vanishes 7 , and the atom is initially excited.
The Hilbert space of the atomic motion will be restricted to a two-dimensional subspace (two energy levels), and the Fock space will be restricted to the zero-and one-excitation-subspace 8 .
We start by restricting the interaction (1) to the subspace of only two energy-levels. To do so, we substitute the interaction operator V by V 2 :
where we have employed the Dirac's notation. We obtain 9 :
If Ω is the vacuum on the Minkowski spacetime, the excitations are photons. In this case A(f )Ω =
is the creation operator for α-th polarization and
The symbols ǫ α i (p) denote the transversal polarization vectors. 5 In the paper we use dimensionless units (see appendix A). By the letter p we denote the frequency: p = |p|. 6 Which means, that the free time-evolution of A i (t, x) is governed by the Maxwell equations. 7 The vacuum, the ground state, the squeezed state and a general class of quasi-free states fulfill this requirement. 8 Every vector v of such a space can be written as: v = cΩ + A(f )Ω with a complex number c and complex, vector-valued functions f i (x). 9 The terms |ψ 1 ψ 1 | and |ψ 0 ψ 0 | drop out, if the wavefunctions are real, because ψ 0 (∂ i ψ 0 )A i = 0, as a consequence of the chosen gauge condition ∂ i A i = 0.
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Because of A t (χ) = −A t (ϕ), the interaction can be written as
which is a selfadjoint operator on C 2 ⊗ F.
We shall now additionally restrict the investigations to the subspace of at most one excitation of the
. Later, we will employ the interaction picture and derive a system of evolution equations. At the time t, the state of the full system, in the restricted space, can always be parameterized by two complex, vector-valued functions f t (x), g t (x) (excitation wavepackets), and two complex numbers c(t), d(t):
We note, that we speak of excitations because the state Ω is still unspecified. We use the following initial conditions c(0) = 1,
For such conditions, the functions g t (x) and d(t) never acquire non-zero values, and will be omitted from now on. In the interaction picture, we reparameterize the state of the full system as follows:
The time evolution of c(t) and f t needs to be determined; it will be generated by the operator V I 2 , which is the operator V 2 in the interaction picture:
where ω = E 1 − E 0 is the energy difference of both states of the atom. We shall introduce a decomposition of f t in terms of an orthonormal basis {f m } of the one-particle Fock space
where f m are complex functions, orthonormal w.r.t. the scalar product
The evolution equation,
after taking scalar products with ψ 1 ⊗Ω and ψ 0 ⊗A(f n )Ω, leads to an infinite system of ordinary differential equations:
Integrating the second equation(s), (4b), from 0 to t, with the initial condition c n (0) = 0 (for all n), yields
After substituting this into the equation for c(t), (4a), we obtaiṅ
and finally, as a consequence of the completeness of the {f m } in the one-particle subspace of F , we geṫ
with
The equation (5), valid for arbitrary initial states, is a Volterra integro-differential equation of the second type. In the important case of a stationary initial state Ω, the smeared two-point function ω(t, χ, s, χ) depends only on the difference, t − s, and therefore in this case we obtain a convolution Volterra integrodifferential equation. Such an equation can be brought into the form of an integral equation. To show this, we integrate it w.r.t. the variable t from zero to T and (with an appropriate change of variables) obtain
11 Here, the two-point function of the initial state of the QEF, ω ij (t, x, s, y) = Ω, A i (t, x)A j (s, y)Ω , enters the investigations. The one-excitation space is separable for reasonable initial states Ω.
Alternatively, by performing a Laplace transform of eq. (5) we obtain a relation c(s) = 1
The inverse Laplace transform gives the original amplitude, which we intend to compute:
where the contour of integration C is to be chosen parallel to the imaginary axis, to the right of all poles.
In our case it can be placed arbitrarily near to the right of the imaginary axis, since the unitary evolution guarantees that there are no poles for Re(s) > 0.
To show that the emission indeed happens it suffices to prove that the functionĈ(s) is bounded on the imaginary axis. Unfortunately we are unable to show this property at this moment. It seems that there exists a pole very near to the imaginary axis and we cannot numerically resolve its position with a sufficient precision.
On the other hand, for all initial states, the kernel of the equation (5) is a smooth function of its arguments (because the test functions χ are smooth). Our problem thus always reduces to solving a Volterratype integral equation of the second kind with a smooth kernel. The numerical experience with this equation, for various initial states, shows, that the solutions exhibit a non-trivial initial dynamics, which is followed by a relatively uncomplicated, monotonic-decay phase.
We wish to defer a systematic study of the solutions of (5) to a future publication.
Special case: Minkowski vacuum as the initial state Ω
The simplest case of a great physical importance arises, if one takes the usual vacuum state Ω as the initial state of QEF. Then, the electromagnetic field operator can be expressed in terms of the creation and annihilation operators,
where ǫ α i (k) denote the two (α = 1, 2) k-dependent, transversal polarization vectors, and the vacuum is defined via
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Denoting by χ i (p) the Fourier transform of χ i (x),
we get
The function S(t − s) is evidently a smooth function of its arguments A squeezed state, |S , is a vector state, created in the Fock space constructed upon the vacuum with the help of an unitary operator S(f, r):
where r is a real number, which we interpret as the amplitude of squeezed light
15
. The operator a(f ) denotes here the smeared annihilation operator 16 :
12 In particular, the limit s → t is finite. 13 The smoothness of χ(p) assures, that the point p = 0 is an integrable singularity. The decay property for large |p| makes the integral convergent for large momenta, even when the time derivatives of S(t − s) are taken. 14 Such as, for instance, a sub-vacuum level of electric field fluctuations.
The following (commutation) relations hold for an arbitrary test function g(p), and facilitate calculation of various expectation values:
where
stands for the scalar product of f α and g α . With the help of these relations we find
The two-point function of the radiation field, in the squeezed state, can now be computed (here
Evidently, it differs from the vacuum-two-point function, ω operator, and the energy-density operator behave similarly. We note, that the squeezed state is not a stationary state, and therefore the Volterra-equation (5) is not a convolution-type equation.
Example
Hydrogen atom, 2P → 1S transition
The wavepackets of the initial and final state of the atom are
17 The square of A i (x) is defined via normal ordering w.r.t. the vacuum Ω.
We will compute the smearing functions,
The differentiation w.r.t. x i leads to a factor x i (multiplied with functions of r only), which can be expressed as a derivative i∂/∂p i . Similarly, introducing z = r cos(θ), we may express this factor as a derivative w.r.t. the p z . In this way we obtain
and consequently
The first term in the square bracket is longitudinal (proportional to p i ) and will be canceled by the projection on the transversal directions in the two-point function.
Spontaneous emission in the presence of vacuum
We now compute the kernel of the equation (5) for the 2P → 1S transition in the presence of the vacuum state. The smeared two-point function, S(t − s), of equation (7) will be employed. After integrating out the angle variables, we get
p dp (p 2 + 9/4) 4 e −ip(t−s)/α .
From this point, the investigation of the spontaneous emission process, in particular of the type of decaycurve, and of the life-time of the 2P state, can be addressed with the help of mathematical methods for Volterra equations [5] .
Conclusions and outlook
The main significance of the paper lies in the clarification of the process of spontaneous emission of radiation from atoms surrounded by various states of the quantum electromagnetic field. We have presented a generalized derivation of the Weisskopf-Wigner model, which is well posed mathematically, gives physically meaningful results and shows clearly how various states of quantum electromagnetic field influence the emission process.
An application of our model can have important consequences for understanding of the emission phenomena, namely, it could clarify the issue why squeezed states exhibit spectroscopic lines which are narrower than than the natural line width [7] . On the phenomenological ground one may argue, that the reason for this is the sub-vacuum level of fluctuations of the QEF exhibited by the squeezed state. However, the periods of reduced fluctuations last no longer than 10 −14 s (they are bound by quantum inequalities [6] ), which is far less than the spontaneous emission time.
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A Dimensionless units
In this paper we use dimensionless units. They are defined as follows:
where the subscript D denotes the dimensionless quantities 18 . The only constant which can appear in the equations is the fine-structure constant α. If we take the interaction term as in the equation (1) , then the quantities corresponding to the free electromagnetic field, in particular: the two-point function, should not contian α.
